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In this paper we propose and analyze a ﬁnite element method to the solution of a quasi-
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energy decay are obtained and some numerical simulations described.
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1. Introduction
This work is concerned with the numerical approximation of a contact problem for a thermoviscoelastic and nonlinear
beam. In this problem the deformations of the beam are induced by differences in its temperature, and the changes in
tension, resulting from the variations in the length of the beam, are taken into account. Thus, a nonlinear term of Kirchhoff
type is present in the equations.
Let us denote by θ˜ (x, t), u(x, t) and σ˜ (x, t) the temperature, the vertical displacement and the stress of a homogeneous
thermoviscoelastic beam, respectively, occupying in its reference conﬁguration the interval I = [0,1]. The system of equa-
tions describing the evolution in time of θ˜ , u and σ˜ is
θ˜t − θ˜xx = αuxxt, 0< x< 1, t > 0, (1)
σ˜x = 0, 0< x< 1, t > 0, (2)
where







ux − αθ˜x, (3)
with the initial conditions
θ˜ (x,0) = θ˜0(x), u(x,0) = u0(x), 0< x< 1. (4)
* Corresponding author. Fax: +55(55)32208022.
E-mail addresses: mimcopetti@gmail.com (M.I.M. Copetti), jose.fernandez@uvigo.es (J.R. Fernández).0022-247X/$ – see front matter © 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2011.05.055
M.I.M. Copetti, J.R. Fernández / J. Math. Anal. Appl. 383 (2011) 506–521 507Fig. 1. The setting of the quasi-static contact problem.
Here, α > 0 is the coeﬃcient of thermal expansion, ζ > 0 is a viscosity coeﬃcient and β , ρ are positive constants. We also
assume that the beam is rigidly attached at the end x = 0 and, at the free end x = 1, the displacement u(1, t) is limited by
two rigid stops (see Fig. 1), that is,
u(0, t) = ux(0, t) = 0, t > 0, (5)
g1  u(1, t) g2, t > 0, (6)
where g1 < 0 < g2 give the positions of the stops. If there is no contact with the stops, the stress is zero, otherwise it is
opposite to the displacement, and so,
σ˜ (1, t) = 0 if g1 < u(1, t) < g2, t > 0, (7)
σ˜ (1, t) 0 if u(1, t) = g1, σ˜ (1, t) 0 if u(1, t) = g2, t > 0. (8)
Furthermore, there are no moments acting on the free end and the temperature is prescribed at the boundary of the
interval I
uxx(1, t) + ζuxxt(1, t) = 0, t > 0, (9)
θ˜ (0, t) = θA, θ˜ (1, t) = 0, t > 0, (10)
where θA is assumed constant.
Previously, Copetti proved in [1] existence, uniqueness and regularity results for the linear contact problem (β = ρ = 0).
Moreover, a ﬁnite element approximation was proposed and analyzed there based on a penalization. A ﬁnite element
method to a quasi-static contact problem for a nonlinear rod was studied by Copetti in [2].
Giorgi et al. [3] discussed the existence of absorbing sets for the nonlinear, dynamic and thermoelastic beam, with
Dirichlet boundary conditions for the temperature and hinged boundary conditions for the displacement. A nonlinear ther-
moelastic beam model with nonlinear boundary conditions was investigated by Pazoto and Menzala [4]. The existence of
a unique solution was established and the asymptotic behavior of the total energy analyzed.
The numerical approximation of several dynamic problems involving elastic and nonlinear beams of Kirchhoff type has
been considered by many authors. A Galerkin approximation for a nonlinear extensible beam was studied by Geveci and
Christie [5]. Choo and Chung [6] proposed a ﬁnite difference approximation to the solution of a strongly damped extensible
beam equation and, in [7], error estimates were obtained for a ﬁnite element approximation. Clark et al. [8] and Silva
et al. [9] considered situations where the domain has a moving boundary.
Static problems were examined by Peradze [10] and Ma [11].
Here our goal is to study a ﬁnite element approximation to problem (1)–(10). Thus, we deﬁne the spaces
H1E(I) =
{
χ ∈ H1(I) ∣∣ χ(1) = 0},
H2E(I) =
{
χ ∈ H2(I) ∣∣ χ(0) = χx(0) = 0},
and denote the inner product in L2(I) by (·,·) and its associated norm by ‖ ·‖. The norm on Hm(I) is indicated by ‖ ·‖m , and
the letter C represents positive constants that may depend on data and are not necessarily the same at each occurrence.
Finally, we assume that θ˜0 ∈ H1E(I), u0 ∈ H2E (I), θ˜0(0) = θA and g1  u0(1, ·)  g2, and, for the sake of simplicity, we take
β = ρ = 1.
For convenience, we transform the problem into one with homogeneous boundary conditions for the temperature. Letting
θ(x, t) = θ˜ (x, t) + θA(x− 1), we obtain the following Signorini problem
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σx(x, t) = 0, 0< x< 1, t ∈ (0, T ), (12)










ux(x, t) − αθx(x, t)
= σ˜ (x, t) − αθA, 0< x< 1, t ∈ (0, T ), (13)
θ(x,0) ≡ θ0(x) = θ˜0(x) + θA(x− 1), u(x,0) = u0(x), 0< x< 1, (14)
u(0, t) = ux(0, t) = 0, t ∈ (0, T ), (15)
g1  u(1, t) g2, t ∈ (0, T ), (16)
σ˜ (1, t) = 0 if g1 < u(1, t) < g2, t ∈ (0, T ), (17)
σ˜ (1, t) 0 if u(1, t) = g1, σ˜ (1, t) 0 if u(1, t) = g2, t ∈ (0, T ), (18)
uxx(1, t) + ζuxxt(1, t) = 0, t ∈ (0, T ), (19)
θ(0, t) = θ(1, t) = 0, t ∈ (0, T ), (20)
where T > 0 denotes the ﬁnal time.
Multiplying Eqs. (11)–(12) by test functions, integrating with respect to x and using the previous boundary conditions,
we obtain the following weak formulation of the problem (11)–(20): Find u(t) ∈ KE (I) and θ(t) ∈ H10(I), such that for a.e.
t ∈ (0, T )
(θt,w) + (θx,wx) + α(uxt,wx) = 0 ∀w ∈ H10(I), (21)







(ux, vx − ux) − α(θx − θA, vx − ux) 0 ∀v ∈ KE(I), (22)
where we use the inequality
σ˜ (1, t)
(
v(1) − u(1, t))= σ˜ (1, t)(v(1) − g1)− σ˜ (1, t)(g1 − u(1, t))= σ˜ (1, t)(v(1) − g1) 0,




∣∣ g1  v(1) g2}.
The existence of a unique solution to this contact problem can be obtained combining the arguments in the papers
[1,2,12] with the help of the following result (see [2]).
Proposition 1.1. For each pair of functions r, s ∈ H1(I) we ﬁnd that
1∫
0






Therefore, we have the following (see [1,2,12]).
Theorem 1.2. For each T > 0, there exists a unique solution to the Signorini problem (11)–(20) with the regularity
θ ∈ L∞(0, T ; H10(I)), θt, θxx ∈ L2(0, T ; L2(I)),
u ∈ L∞(0, T ; H2E(I)), ut ∈ L2(0, T ; H2E(I)), σ ∈ L2(0, T ).
Furthermore, if u0 ∈ H4(I) then uxxx,uxxxx ∈ L∞(0, T ; L2(I)).
2. Finite element approximation
Let us denote by 0 = x0 < x1 < · · · < xs = 1 a uniform partition of I into subintervals I j = (x j−1, x j), j = 1, . . . , s, of
length h = 1/s and introduce the associated ﬁnite element spaces
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{
χ ∈ H10(I)




∣∣ χ ∈ C1(I), χ |Ii is a cubic polynomial for i = 1, . . . , s},
and the discrete convex subset KhE = ShE ∩ KE (I).
For a ﬁnal time T > 0 and a given positive integer N we deﬁne the time step 	t = T /N and the nodes tn = n	t , for





Θn − Θn−1,W )+ (Θnx ,Wx)+ α	t
(
Unx − Un−1x ,Wx















Unx , Vx − Unx
)
+ (Unxx, Vxx − Unxx)− α(Θnx − θA, Vx − Unx ) 0 ∀V ∈ KhE , (24)
with Θ0 ∈ Sh0 and U0 ∈ KhE given approximations of θ0 and u0, respectively.
The existence of a unique solution to the previous fully discrete problem can be proved following the ideas intro-
duced in [1] for a penalized contact condition. Since the modiﬁcations are straightforward we refer the reader there for
details.
2.1. The energy decay property
We prove now that the discrete energy associated to the model decays.
Theorem 2.1. Let {Θn,Un} denote the solution of the problem (23)–(24). There exists a positive constant C > 0, independent of h
and 	t, such that
n∑
i=1












∥∥U ix − U i−1x ∥∥2 + ∥∥Unx∥∥2 + ∥∥Unx∥∥4  C .
Proof. Taking W = 	tΘn in Eq. (23), V = Un−1 in Eq. (24) and subtracting the results, we obtain
1
2
(∥∥Θn − Θn−1∥∥2 + ∥∥Θn∥∥2 − ∥∥Θn−1∥∥2)+ 	t∥∥Θnx ∥∥2
+ 1
2
(∥∥Unxx − Un−1xx ∥∥2 + ∥∥Unxx∥∥2 − ∥∥Un−1xx ∥∥2)
+ ζ
	t
∥∥Unxx − Un−1xx ∥∥2 + 12












)+ α(θA,Unx − Un−1x ) 0. (25)














(∥∥Unx∥∥4 − ∥∥Un−1x ∥∥4).
Finally, summing inequality (25) over n yields the desired result. 
As a direct consequence of the latter theorem we have the energy decay property
En − En−1  0, n = 1, . . . ,N,
	t
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En = 1
2








2.2. An a priori error estimates




0, T ; L2(I)), ut ∈ L∞(0, T ; H2(I)). (26)
First, we bound the error on the approximation of the solution to the temperature equation. Hence, we integrate varia-
tional equation (21) between the initial time and time t = tn , and for w = W ∈ Sh0, and the discrete variational equation (23)













+ α((un − Un)x,Wx)
= (θ0 − Θ0,W )+ α(u0x − U0x ,Wx) ∀W ∈ Sh0,













+ α((un − Un)x,Wx)








for all W ∈ Sh0.
Let ΠSh0
be the projection operator over Sh0 given by(
(ΠSh0
v − v)x, ηx
)= 0 ∀η ∈ Sh0, v ∈ H10(I).
Taking W = ΠSh0θn − Θ
n and using several times the inequality
ab a2 + 1
4
b2, a,b,  ∈R,  > 0, (27)
we ﬁnd that



























− α((un − Un)x, (ΠSh0θn − Θn)x),
where we employed the equalities
α
(
u0x − U0x ,Wx
















and we used the additional regularity (26) for the temperature ﬁeld.













































∥∥ΠSh0θ j − Θ j∥∥2 + 12
n∑
j=1













(∥∥θ0 − Θ0∥∥2 + ∥∥u0 − U0∥∥22)+ C	t
n∑
j=1































∥∥θ j − Θ j∥∥2  C(∥∥θ0 − Θ0∥∥2 + ∥∥u0 − U0∥∥22)+ C	t
n∑
j=1




























We turn now to prove an error estimate for the displacement ﬁeld. Summing variational inequality (22), at time t = tn
and for v = Un , and variational inequality (24) we have
(
(un)xx − Unxx, (un)xx − Unxx
)+ ζ((uxxt)n − (Un − Un−1)xx
	t



































(θn)x − Θnx , (un)x − Unx
)+ (Unxx, Vxx − (un)xx)+ ζ	t
(
Unxx − Un−1xx , Vxx − (un)xx
)










Unx , (V − un)x
)
.













































Taking into account that(
(θn)x − Θnx , Z
)= −(θn − Θn, Zx) ∀Z ∈ H2E(I),
and using the regularity u ∈ L∞(0, T ; H2(I)), we obtain
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((
un − un−1 −
(
Un − Un−1))xx, (un − Un)xx)
−α(θn − Θn, (un − Un)xx)+ (Unxx, (V − un)xx)+ C‖un − V ‖2 + ζ	t
(
Unxx − Un−1xx , (V − un)xx
)















un − un−1 −
(
Un − Un−1))xx, (un − Un)xx) 12	t
(∥∥un − Un∥∥22 − ∥∥un−1 − Un−1∥∥22),(
Unxx, (V − un)xx








Un − Un−1 − (un − un−1)
)






(un − un−1)xx − (uxxt)n, (V − un)xx
)
+ ζ ((uxxt)n, (V − un)xx),
−α(Θn, (V − un)xx)= −α(Θn − θn, (V − un)xx)− α(θn, (V − un)xx),
where we required the additional regularity (26) for the displacement ﬁeld, and using again inequality (27) several times
we come to the following result
ζ
2	t
[∥∥un − Un∥∥22 − ∥∥un−1 − Un−1∥∥22]+ C∥∥un − Un∥∥22
 C
∥∥θn − Θn∥∥2 + C








Un − Un−1 − (un − un−1)
)
xx, (V − un)xx
)+ C∥∥un − Un∥∥22.
Therefore, by induction the following error estimate is obtained for the displacement ﬁeld
∥∥un − Un∥∥22 + 	t
n∑
j=1
∥∥u j − U j∥∥22
 C
∥∥u0 − U0∥∥22 + C	t
n∑
j=1
(∥∥θ j − Θ j∥∥2 +










U j − U j−1 − (u j − u j−1)
)
xx, (V j − u j)xx
) ∀{V j}nj=1 ⊂ KhE . (29)




∥∥θ j − Θ j∥∥2 + ∥∥un − Un∥∥22 + 	t
n∑
j=1
















‖θ j − ΠSh0θ j‖
2 +













U j − U j−1 − (u j − u j−1)
)
xx, (V j − u j)xx
)
.
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Lemma 2.2. Assume that {gn}Nn=0 and {en}Nn=0 are two sequences of nonnegative real numbers satisfying, for two positive constants c
and k independent of gn and en, the inequalities
e0  cg0,
en  cgn + c
n∑
j=1
ke j, n = 1, . . . ,N.
Then, it follows that
max
0nN
en  C max
0nN
gn,
where C = c(1+ cT ecT ) and T = Nk.




U j − U j−1 − (u j − u j−1)
)
xx, (V j − u j)xx
)




U j − u j
)
xx, (V j − u j)xx − (V j+1 − u j+1)xx
)
 
∥∥un − Un∥∥22 + C‖Vn − un‖22 + C∥∥u0 − U0∥∥22 + C‖u1 − V1‖22 +
n−1∑
j=1
∥∥u j − U j∥∥2∥∥u j − V j − (u j+1 − V j+1)∥∥2,




∥∥θ j − Θ j∥∥2 + ∥∥un − Un∥∥22 + 	t
n∑
j=1















‖θ j − ΠSh0θ j‖
2 +








(‖u j − V j‖2 + ‖u j − V j‖22)+ ‖Vn − un‖22 + ‖u1 − V1‖22 + 1	t
n−1∑
j=1
∥∥u j − V j − (u j+1 − V j+1)∥∥22,
e0 = g0 =
∥∥θ0 − Θ0∥∥2 + ∥∥u0 − U0∥∥22,
we obtain the following error estimates result.
Theorem 2.3. Let (u, θ) and {Un,Θn}Nn=0 be the solutions to problems (21)–(22) and (23)–(24), respectively. If we assume the ad-
ditional regularities (26), for the temperature and the displacement ﬁelds, and that u0 ∈ H4(I), then we have the following error
estimates for all {V j}nj=1 ⊂ KhE
max
0nN
∥∥un − Un∥∥22 + 	t
N∑
n=1












+ C∥∥θ0 − Θ0∥∥2 + C	t N∑
j=1




+ ‖θ j − ΠSh0θ j‖
2
)
+ C∥∥u0 − U0∥∥22 + C max1nN ‖Vn − un‖2 + C max1nN ‖Vn − un‖22 + C	t
N−1∑
j=1
∥∥u j − V j − (u j+1 − V j+1)∥∥22.
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as an example, we assume that the discrete initial conditions are given by
U0 = ΠShE u0, Θ
0 = ΠSh0θ0,
where ΠShE
is the projection operator over the ﬁnite element space ShE .
From Theorem 1.2 we ﬁnd that (see [15]),∥∥u0 − U0∥∥2  Ch‖u0‖H3(I)  Ch‖u‖L∞(0,T ;H3(I)),∥∥θ0 − Θ0∥∥ Ch‖θ‖L∞(0,T ;H1(I)),
‖u j − V j‖2  Ch‖u‖L∞(0,T ;H3(I)).
Actually from Theorem 1.2 we conclude that∥∥u0 − U0∥∥2  Ch2‖u0‖H4(I),
‖u j − V j‖2  Ch2‖u‖L∞(0,T ;H4(I)).
If we assume the additional regularity
θt ∈ L∞
(



























∥∥u j − V j − (u j+1 − V j+1)∥∥22  Ch2‖u‖2H1(0,T ;H3(I)),
we have the following.
Corollary 2.4. Let the assumptions of Theorem 2.3 still hold. Under the additional regularity conditions (30) we ﬁnd that there exists
a positive constant C , independent of the discretization parameters h and 	t, such that
max
0nN
∥∥un − Un∥∥22 + 	t
N∑
n=1
∥∥θn − Θn∥∥2  C(h2 + (	t)2).
3. A solution method
In this section we describe the algorithm that we implemented for the numerical solution of the fully discrete prob-
lem (23)–(24).




Θn,l − Θn−1,W )+ (Θn,lx ,Wx)+ α	t
(
Un,l−1x − Un−1x ,Wx















Un,lx , Vx − Un,lx
)
+ (Un,lxx , Vxx − Un,lxx )− α(Θn,lx − θA, Vx − Un,lx ) 0 ∀V ∈ KhE ,






dn,li ηi, V =
2s∑
viηi,i=1 i=1 i=1
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that, at each iteration l, we must solve a system of algebraic equations and a variational inequality
(M + 	tK )cn,l = Mcn−1 + αC(dn−1 − dn,l−1),[(
(	t + ζ )B + λKˆ )dn,l − b]T (v − dn,l) 0, (31)
with the following notations



















i = dn,li , {e}2s = 1, {e}i = 0 if i 
= 2s.
























As it was already explained in [2], solving problem (31) is equivalent to solving the following problem
Ad˜ + d2s P = b˜, (32)(
P T d˜ + d2s E
)
(v2s − d2s) b2s(v2s − d2s). (33)
Let S = LU be the LU decomposition of S with uii = 1, li j = 0 if i > 4, uij = 0 if j > 4, and let L˜ be the (2s − 1) × 2s
matrix obtained from L by suppressing the last line of S . Thus, Eq. (32) becomes L˜Ud = b˜. Introducing y = Ud we ﬁnd
y1, . . . , y2s−1 from L˜ y = b˜. Moreover, the deﬁnition of y yields
yi = di +
2s∑
j=i+1
uijd j, i = 2s, . . . ,2s − 3. (34)
Substituting Eq. (34) into variational inequality (33) and recalling that y2s = d2s , it results in, for a suitable F and J ,













Finally, we compute d from y = Ud.
4. Numerical experiments
In this section we present some numerical simulations. Numerical integration was used to evaluate the nonlinear term
and the iterative process was stopped when ‖cn,l − cn,l−1‖∞  1 × 10−7 and ‖dn,l − dn,l−1‖∞  1 × 10−7. We let ζ = 0.1,
g1 = −0.1 and g2 = 0.1. For comparison, we plot in all ﬁgures the numerical results for the linear case.
Initially, θ˜0(x) = 640(x−1)(x−1/16), u0(x) = 0 and we observe the evolution of the system for two values of α, α = 0.01
and α = 0.17. When α = 0.17 the beam reaches the upper stop and it remains in contact with it for some time. Then,
contact is lost and, at approximately time t = 0.2, the beam gets in contact with the lower stop. In Figs. 2 and 3 the
evolution in time of the displacement at points x = 0.3, x = 0.5 and x = 1 is shown.
Secondly, we change the initial displacement and we consider u0(x) = 0.1x2. At t = 0 the beam is in contact with the
upper stop and it remains longer in contact when α = 0.17. Contact with the lower stop is observed for α = 0.17 (see
Figs. 4 and 5).
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We note that, soon after we start the simulations, the proﬁles obtained for the two initial displacements, when α = 0.17,
become very similar.
Next, we choose the temperature at x = 0 as a periodic function of time, θ˜ (0, t) = θA(t) = cos(0.25πt). We let α = 0.01
and u0(x) = 0.1x2. As expected, a periodic behavior is seen after a small period of time. In Fig. 6 we show the re-
sults.
In all the simulations described below, differences in the displacements are observed when we compare the linear and
nonlinear situations. However, the temperatures are virtually equal.
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Finally, the convergence rates are investigated. We run a simulation with the following exact solution












2 )exp(t), 0< t 
√
2,
−3g ( x3 − x2 ), √2< t  2,2 6 2
518 M.I.M. Copetti, J.R. Fernández / J. Math. Anal. Appl. 383 (2011) 506–521Fig. 4. The time evolution of the displacement when u0(x) = 0.1x2 and α = 0.01.
σ˜ (x, t) =
{
0, 0< t 
√
2,
−t, √2< t  2,
satisfying the following system of equations
θ˜t − θ˜xx = −αuxxt + f (x, t),
σ˜x = 0,
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where







ux − αθ˜x + G(x, t).
The functions f , G , θ˜0 and u0 are calculated from the previous exact solution. Choosing the parameter α = 0.017, we report
in Table 1 the computed errors and we observe a convergence rate of order 4.
520 M.I.M. Copetti, J.R. Fernández / J. Math. Anal. Appl. 383 (2011) 506–521Fig. 6. The time evolution of the displacement when the temperature at x = 0 is a periodic function of time.
Table 1
Computed errors and convergence rates when T = 2.
s 	t 	t
∑n
i=1 ‖θ(·, ti) − Θ i‖2 maxn ‖Un − u(·, tn)‖22
10 1× 10−3 1.245× 10−3 1.842× 10−7
20 5× 10−4 7.733× 10−5 1.153× 10−8
40 2.5× 10−4 4.747× 10−6 7.086× 10−10
80 1.25× 10−4 2.857× 10−7 4.247× 10−11
160 6.25× 10−5 1.652× 10−8 2.434× 10−12
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